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ABSTRACT
We present a systematic approach to classify the three-level-like models with two bound states
coupled to a continuum. It is shown that, when one of the discrete levels of usual three-level Lambda-
(Λ), cascade (Ξ) or Vee (V )-type systems is replaced by a continuum of states, the resulting each
model can be classified into three distinct categories with nine possible configurations. We show
that all these models are exactly solvable. We obtain and compare the asymmetric Fano line shapes
of the spectra for all the models. Our results are important for exploring new coherent effects in
a variety of physical systems involving continuum-bound coupling such as photoassociation of cold
atoms, plasmonics, quantum dots, photonic crystals, electromagnetic metamaterials and so on.
KEYWORDS
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1. Introduction
The level-structure in atomic, molecular and nuclear physics is possibly the most important signa-
ture of quantum mechanics which time and again deserves exhaustive exploration. In these branches
of physics, bound states always coexist with a continuum of states. Here the continuum refers to
the states of the scattering between two particles. For instance, an ionisation continuum of an
atom implies the scattering states between an ion and an electron or a dissociation continuum of a
diatomic molecule means the collisional states of two atoms that constitute the molecule. So there
are three classes of quantum-mechanical transitions known as, bound-bound, bound-continuum
and continuum-continuum transitions. Each class of these transitions has its own characteristic
line-shape. There are physical situations where different classes of transitions can happen simul-
taneously leading to quantum interference between the transition pathways. One such situation
arises in the phenomenon of photoionization or autoionization of an atom showing an asymmetric
line-shape. This feature is in sharp contrast to the typical symmetric Lorentzian pattern found in
the bound-bound transition. The origin of this asymmetry, which is often observed in the optical
spectroscopy, was understood after the pioneering work of Fano who first pointed out the crucial
role of the coupling between the continuum and a discrete bound state (1 ). He argued that the
mixing of the bound state with apparently structureless continuum leads to the formation of an
effective structured continuum known as ‘autoionization state’. The asymmetric Fano profile is an
ubiquitous feature of many natural and artificially prepared materials like plasmonic nanoparticles
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(2 ), quantum dots, photonic crystals and electromagnetic metamaterials, etc (3–5 ). The theoret-
ical framework of Fano ignores radiative dissipation or damping which results from the coupling
of an excited atomic or molecular state with the surrounding environment of background electro-
magnetic modes of the quantum vacuum or zero-photon states of radiation, often referred to as the
bath or reservoir system. Such system constitutes another kind of continuum which is quite distinct
from the continuum of two-particle scattering states that we consider in this paper. Usually, ra-
diative dissipation is treated by a weak-coupling system-reservoir theory within Born and Markoff
approximations. In case of autoionisation, the neglect of radiative dissipation is justified because
the electron is coupled to the ionisation continuum far too strongly compared to its coupling to the
reservoir of electromagnetic modes.
A bound-continuum coupled system embedded in environment or in reservoir can be treated as
an open quantum system using non-hermitian Hamiltonian. Many interesting effects of open quan-
tum system, such as Fano-Feshbach resonance around the exceptional points has some special place
in atomic and molecular physics (6 , 7 ), dynamical phase transition (DPT), width bifurcation etc.
(8–10 ). Both Fano and non-hermitian Hamiltonian methods are capable of taking into account the
strong-couplings of the multilevel systems with the continuum, while the master equation approach
based on Born and Markoff approximations is applicable only in the weak-coupling limit. In Fesh-
bach projection operator method (11 ), the effective Hamiltonian of the sub-system essentially turns
into a non-hermitian operator. Using such an effective Hamiltonian approach, the formation of a
bound state in the continuum (12 ) in the cold collisions of atoms has been predicted (13 ) recently.
While the open quantum system approach is applicable to a variety of physical problems including
large and many-body quantum systems, such as Dicke superradiance (14 ), Fano method seems to
be more suitable for describing a few level system coupled to one (or two) continuum (continua).
Fano method has unique feature: It can treat both the bound and continuum states on an equal
footing. So, in the continuum-bound coupled systems where bound-continuum coherence is impor-
tant, continuum can be an integral part of coherent phenomena or dynamics in this method. For
instance, atom-molecule coherence in photo- or magneto-association of cold atoms (15 ) and Rabi
oscillations between atomic and molecular states (16 ) arise due to continuum-bound coherence.
Fano method can describe exactly the quantum states of systems where not only a single bound
state interacts with a continuum, but also of multiple interacting or non-interacting bound states
become coupled to a single continuum or multiple continua (17–19 ). Apart from autoionization or
photoionization systems where a structured continuum of quantum states appears quite naturally,
it is possible to induce a structure in an otherwise structureless continuum by lasers leading to
laser-induced continuum structures (LICS) (20–25 ). This opens up immense possibility of coherent
manipulation of continuum-bound coupled systems. A minimal extension of Fano model is three-
level-like models involving one continuum and two bound states forming Λ- V - and Ξ-type systems
as depicted in Figs.1-3.
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Figure 1. Lambda-like system with upper (a), middle (b) and lower (c) level as continuum state.
In quantum optics, the three-level systems with three discrete bound states exhibit a rich class of
coherent phenomena such as two-photon coherence, double-resonance, resonance Raman scattering,
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coherent population trapping, STIRAP, quantum jumps, quantum Zeno effects, electromagnetically
induced transparency (EIT) etc. (26 , 27 ).
In contrast to discrete thee-level models, three-level-like continuum models have not attracted
much research interests in the context of coherent phenomenon. Because, generally accepted notion
is that whenever a continuum of states is coupled to a bound state, there is irreversible decay of the
probability of the bound-state into the continuum. However, Fano model is known to give rise to
a confluence of coherences (28 ) and therefore its extension to three-level-like systems is expected
to give rise to coherent phenomena. The underlying assumption for the validity of the Fano model
is that the bound states and the continua are non-decaying. In practice, this implies that radiative
as well as non-radiative decay of the bound-continuum coupled systems should be negligible. In
other words, the continuum-bound coupling should be much stronger than the damping constants
of the bound or continuum states. In this work, we consider strong-coupling models where the
radiative environment effects can be negligible. Under such conditions, three-level-like systems
with a continuum are expected to provide a new avenue for hither-to-unexplored coherent effects.
It is therefore of interest to develop a unified approach towards the Fano-inspired three-level-like
models with one continuum.
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Figure 2. Cascade-like system with upper (a), middle (b) and lower (c) level as continuum state.
In the recent past, dissipation has been shown to be treatable within the framework of the Fano
model (29–31 ). This opens up a new prospect of controlling dissipation by coherent manipulation
of level structures in the systems with a continuum, providing a new perspective in the dark
resonance (32 ) and related phenomena like EIT and STIRAP. The EIT effect is connected with
a wide verity of quantum-optical phenomena such as, manipulation of the dispersive property of
a medium (33–36 ), slow light (37 , 38 ), quantum switching (39 ), and many other effects (40–
42 ). Recently, some endeavors have been made to realize similar effects in three-level like systems
with a continuum of states (43–48 ). Particularly, with the recent advent of continuum-bound
photoassociation (PA) spectroscopy (49 , 50 ) by which two colliding cold atoms are associated into a
molecule via a single-photon absorption, coherent effects in three-level-like PA systems have become
important (16 , 48 , 51 ). In fact, EIT-like spectral features in two-color PA has been experimentally
observed(51–54 ). Furthermore, the bound-continuum dipole coupling due to a control field is shown
to induce an asymmetric pattern in the dispersion profile of the probe field (31 , 55–58 ). The Λ-
type three-level atomic medium in the EIT regime is important for soliton propagation (9 , 59 )
and ultrafast Raman adiabatic passage (60 ). The transition from Autler-Townes splitting (ATS)
(61 ) to EIT (62 )has been shown to exhibit features such as avoided crossing and width bifurcation
(63 , 64 ) that usually pertain to an open quantum system (65 ). This indicates that a three-level
like continuum system will provide new insight into ATS to EIT transitions.
The remaining sections of the paper are organized as follows: In Section II we discuss possible
classification of the three-level like systems with one continuum and two distinct bound states and
develop Hamiltonians of such configurations. In Section III, we present the detailed derivation of
the Λ-like system and discuss the characteristics of its line-shapes. The derivation of the line-shapes
of the remaining Ξ and V systems are similar as in the Λ system. The results of Ξ and V systems
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Figure 3. Vee-like system with upper (a), middle (b) and lower (c) level as continuum state.
are presented in Section IV and V. In Section VI, we compare the line-shapes of each system and
point out their crucial differences. In the concluding section, we summarize our results and discuss
the outlook of our work.
2. The models
For three different positions of the continuum state, namely, the upper (U), middle (M)and lower
(L) levels, we have three possible configurations, depending on the two transitions, as shown in
Figs.1-3. We note that, for each of the Λ, Ξ and V -like systems, we have one configuration with
two bound-continuum transitions as shown in Figs.1(a), 2(b) and 3(c), while for the remaining pair
of configurations, namely, Figs.1(b, c), 2(a, c) and 3(a, b), we have one bound-continuum and one
bound-bound transition, respectively. The Hamiltonians of these three types of Λ system are given
by
HΛU =
2∑
n=1
εΛn |n〉〈n|+
∫
d|3, 〉〈, 3|+ +
2∑
n=1
∫
dV Λn3()|3, 〉〈n|+ h.c., (1a)
for Fig. 1(a),
HΛM = ε
Λ
1 |1〉〈1|+
∫
d|2, 〉〈, 2|+ εΛ3 |3〉〈3|+ gΛ13|1〉〈3|+
∫
dV Λ32()|2, 〉〈3|+ h.c., (1b)
for Fig. 1(b),
HΛL =
∫
d|1, 〉〈, 1|+ εΛ2 |2〉〈2|+ εΛ3 |3〉〈3|+ gΛ23|2〉〈3|+
∫
dV Λ31()|1, 〉〈3|+ h.c., (1c)
for Fig. 1(c). Here, εΛi , gij and V
Λ
ij (i = 1, 2, 3 with i 6= j)) are the energy of the bound state,
bound-bound and the bound-continuum coupling constants, respectively, with |n〉(n = 1, 2, 3) being
a bound state. Similarly, the Hamiltonians of the Ξ model are given by,
HΞU =
2∑
n=1
εΞn |n〉〈n|+
∫
d|3, 〉〈, 3|+ gΞ12|1〉〈2|+
∫
dV Ξ23()|2〉〈, 3|+ h.c., (2a)
for Fig. 2(a),
HΞM = ε
Λ
1 |1〉〈1|+
∫
d|2, 〉〈, 2|+ εΞ3 |3〉〈3|+
∫
dV Ξ12()|2, 〉〈3|+
∫
dV Ξ32()|2, 〉〈3|+ h.c., (2b)
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for Fig. 2(b),
HΞL =
∫
d|1, 〉〈, 1|+ εΞ2 |2〉〈2|+ εΞ3 |3〉〈3|+
∫
dV Ξ21()|1, 〉〈2|+ gΞ23|2〉〈3|+ h.c., (2c)
for Fig. 2(c). Proceeding in the same way, the Hamiltonians of the V model are given by,
HVU =
2∑
n=1
εVn |n〉〈n|+
∫
d|3, 〉〈, 3|+ gΞ12|1〉〈2|+
∫
dV V13()|1〉〈, 3|+ h.c., (3a)
for Fig. 3(a),
HVM = ε
Λ
1 |1〉〈1|+
∫
d|2, 〉〈, 2|+ εV3 |3〉〈3|+ gΞ13|1〉〈3|+
∫
dV V12()|2, 〉〈1|+ h.c., (3b)
for Fig. 3(b),
HVL =
∫
d|1, 〉〈, 1|+ εV2 |2〉〈2|+ εV3 |3〉〈3|+
∫
dV V21()|1, 〉〈2|+
∫
dV Ξ31()|1, 〉〈3|+ h.c., (3c)
for Fig. 3(c).
The time-independent Schro¨dinger equation of a generic system (i = Λ,Ξ, V ) is given by
H i|ψi(ε)〉 = εi|ψi(ε)〉, (4)
where εi is the energy eigenvalue with the wave function given by
|ψi(ε)〉 = ai(ε)|1〉+ bi(ε)|2〉+
∫
dci(, ε)|3, 〉, (5a)
for Fig. 1(a), Fig. 2(a) and Fig. 3(a),
|ψi(ε)〉 = ai(ε)|1〉+
∫
dbi(, ε)|2, 〉+ ci(ε)|3〉, (5b)
for Fig. 1(b), Fig. 2(b) and Fig. 3(b),
|ψi(ε)〉 =
∫
dai(, ε)|1, 〉+ bi(ε)|2〉+ ci(ε)|3〉, (5c)
for Fig. 1(c), Fig. 2(c) and Fig. 3(c), respectively. The amplitudes of three levels ai, bi and ci
appearing in Eq.(5) are energy-normalized as
ai(ε)ai(ε′)∗ + bi(ε)bi(ε′)∗ +
∫
ci(ε, )ci(ε′, )∗d = δ(εi − εi′), (6a)
ai(ε)ai(ε′)∗ +
∫
bi(ε′, )(ε)bi(ε′, )∗ + ci(ε)ci(ε)∗d = δ(εi − εi′). (6b)
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∫
ai(ε, )ai(ε′, )∗d+ bi(ε)bi(ε′)∗ + ci(ε)ci(ε′)∗ = δ(εi − εi′), (6c)
respectively. Having classifying the models of all configurations, we proceed to evaluate the ampli-
tudes of the bound states for all the systems and their respective line shapes.
Note that, in writing these Hamiltonians we have not assumed the nature of interactions (or
couplings) between bound and continuum states or between two bound states. So, our models are
quite general in the sense that these interactions can be induced by applying external dynamic fields,
for instance in the case of optical dipole transitions one can apply two laser fields in an appropriate
configuration of a physical system with a continuum, or in the case of magnetic transitions one can
realise such model by applying oscillating magnetic or radio-frequency fields. Since the interaction
part of our Hamiltonians are taken to be time-independent, these Hamiltonians represent effective
Hamiltonians under rotating-wave approximations where the harmonically varying time-dependence
of the interaction part can be eliminated by a unitary transformation.
3. Λ system
3.1. Λ system with upper state being continuum
For the Λ system (i = Λ) shown in Fig. 1(a), plugging Eq.(1) and Eq.(5a) in Eq.(4) and then taking
the inner product, we obtain, (We drop the symbol Λ for notational convenience),
c(, ε)(− ε) + a(ε)V13() + b(ε)V23() = 0, (7a)
b(ε)(ε2 − ) +
∫
dc(, ε)V23() = 0, (7b)
a(ε)(ε1 − ) +
∫
dc(, ε)V13() = 0, (7c)
respectively. Substituting the value of c(, ε) from Eq.(7a) into Eqs.(7b) and (7c) we have,∫
d
V23() (a(ε)V13() + b(ε)V23())
ε−  + b(ε) (2 − ε) = 0 (8a)
∫
d
V13() (a(ε)V13() + b(ε)V23())
ε−  + b(ε) (1 − ε) = 0. (8b)
To separate the principal part we use Dirac prescription, namely,
1
ε−  →
P
ε−  + Z(ε)δ(ε− ), (9)
and Eqs.(8) can be written as,
b(ε) (ε− ε2) + Z(ε)V1(3)
(
a(ε)V1(3) + b(ε)V2(3)
)
= 0, (10a)
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a(ε) (ε− ε1) + Z(ε)V2(3)
(
a(ε)V1(3) + b(ε)V2(3)
)
= 0. (10b)
In deriving Eq.(10), we drop the principal part integral and assume that the interaction terms are
independent of energy, i.e., V13() = V1(3) and V23() = V2(3). Eqs.(10) readily gives
Z(ε) =
(ε− 1)(ε− 2)
(ε− 2)|V1(3)|2 + (ε− 1)|V2(3)|2
(11)
and the ratio of the amplitudes of two bound states are given by
a(ε)
b(ε)
=
ε− 2 − Z(ε)|V2(3)|2
Z(ε)V1(3)V2(3)
=
(ε− 2)V1(3)
(ε− 1)V2(3)
.
(12)
To evaluate the amplitudes of the bound states, i.e., a(ε) and b(ε), we shall use the normalization
condition given by Eq.(6a). Using Dirac prescription once again, Eq.(7a) can be written as
c(, ε) = (a(ε)V1(3) + b(ε)V2(3))
( 1
ε−  + Z(ε)δ(ε− )
)
. (13)
Furthermore, using the identity,
1
(ε′ − )(ε− ) =
P
(ε′ − ε)
( P
ε−  −
P
ε′ − 
)
+ pi2δ(ε− )δ(ε′ − ), (14)
and once again neglecting the principal part, the probability density of the continuum state is given
by
c(, ε)c(, ε′)∗ =
(
a(ε)V1(3) + b
Λ(ε)V2(3)
)(
a(ε′)∗V1(3) + b(ε′)∗V2(3)
)
×
[
(pi2 + Z(ε)Z(ε′)δ(ε− )δ(ε′ − ) + 1
ε′ − Z(ε)δ(ε− ) +
1
ε− Z(ε
′)δ(ε′ − )
]
.
(15)
Plugging back Eq.(15) into Eq.(6a) and integration over the continuum yields,
a(ε)a(ε′)∗ + b(ε)b(ε′)∗
+
1
ε′ − ε
(
a(ε)V1(3) + b(ε)V2(3)
)(
a(ε′)∗V1(3) + b(ε′)∗V2(3)
)(
Z(ε)− Z(ε′)) (16)
+
(
a(ε)V1(3) + b(ε)V2(3)
)(
a(ε′)∗V1(3) + b(ε′)∗V2(3)
)(
pi2 + Z(ε)Z(ε′)∗
)
δ(ε− ε′) = δ(ε− ε′).
Substituting the values of Z(ε) and b(ε) from Eqs.(11) and (12), first two terms in Eq.(16) are
cancelled out and then, integration over ε′ yields the identity,
|a(ε)V1(3) + b(ε)V2(3)|2(pi2 + |Z(ε)|2) = 1. (17)
7
Using Eqs.(11), (12) and (17), we obtain the requisite probabilities of two discrete bound states,
|a(ε)|2 =
V 21(3)∆
2
2
∆21∆
2
2 + pi
2(∆1V 22(3) + ∆2V
2
1(3))
2
(18a)
|b(ε)|2 =
V 22(3)∆
2
1
∆21∆
2
2 + pi
2(∆1V 22 + ∆2V
2
1(3))
2
. (18b)
where, ∆1 = ε1− ε and ∆2 = ε2− ε be the detuning of two discrete levels from the effective energy
level.
Finally, to obtain the Fano line-shape formula for the lambda system, we consider the dipole
transition 〈ψ(ε)|D|i〉 from any arbitrary external level |i〉 to the effective (mixed) state |ψ(ε)〉.
Plugging back the value of c(, ε) from Eq.(7a) into Eq.(5a) and making use of Eq.(9), the dipole
transition amplitude is given by,
〈ψΛ(ε)|D|i〉 = a(ε)〈1|D|i〉+ b(ε)〈2|D|i〉
+ a(ε)
∫
d〈, 3|
( P
ε− V1(3) + Z()V1(3)
)
D|i〉
+ b(ε)
∫
d〈, 3|
( P
ε− V2(3) + Z()V2(3)
)
D|i〉 (19)
Now defining two shifted states, which are indeed an admixture of the bound and continuum states,
we have,
|Φ1〉 = |1〉+
∫
d
P
− εV1(3)|3, 〉, (20a)
|Φ2〉 = |2〉+
∫
d
P
− εV2(3)|3, 〉, (20b)
Eq.(19) is reduced to
〈ψΛ(ε)|D|i〉 = a(ε)(〈Φ1|D|i〉+ Z()V1(3)〈ε, 3|D|i〉)
+ b(ε)
(〈Φ2|D|i〉+ Z()V2(3)〈ε, 3|D|i〉). (21)
Finally to find the Fano line-shape formula
RΛU =
∣∣∣〈ψ(ε)|D|i〉〈ε, 3|D|i〉 ∣∣∣2, (22)
we define the line-shape indices to be,
q1 =
〈Φ1(ε)|D|i〉
piV1(3)〈ε, 3|D|i〉
, (23a)
q2 =
〈Φ2(ε)|D|i〉
piV2(3)〈ε, 3|D|i〉
. (23b)
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Using Eqs.(11), (12), (17), (21− 23), the line-shape formula in Eq.(22) becomes,
RΛU =
∣∣∆1∆2 + piq1∆1V 22(3) + piq2∆2V 21(3)∣∣2
∆21∆
2
2 + (pi∆1V
2
2(3) + pi∆2V
2
1(3))
2
.
=
∣∣2∆1∆2 + q1∆1Γ2(3) + q2∆2Γ1(3)∣∣
4∆21∆
2
2 + (∆1Γ2(3) + ∆2Γ1(3))
2
.
(24)
where, qi(i = 1, 2) be the line-shape indices with the linewidths Γ1(3) = 2piV1(3)
2 and Γ2(3) =
2piV2(3)
2, respectively.
3.2. Λ system with middle state being continuum
For the Λ system with middle level as the continuum state shown in Fig. 1(b), we once again plugin
Eqs.(2b), (5b) into Eq.(4) and obtain, (droping the symbol Λ for notational convenience),
c(ε)(ε3 − ε) + a(ε)g31 +
∫
db(, ε)V32() = 0, (25a)
b(, ε)(− ε) + c(ε)V32() = 0, (25b)
a(ε)(ε1 − ε) + c(ε)g31 = 0, (25c)
respectively. Substituting the value of b(, ε) from Eq.(25b) into Eq.(25a) and making use Dirac
prescription given by Eq.(9) we obtain the value of Z(), namely,
Z(ε) =
(ε− ε1)(ε− ε3)− g213
(ε− ε1)V 23(2)
. (26)
In deriving Eq.(26), once again we drop the principal part of the integral and assume that the
interaction terms are independent of energy, V32() = V3(2). The upper state is found to satisfiy
the identity,
|c(ε)V3(2)|2(pi2 + |Z(ε)|2) = 1, (27)
while Eqs.(25-27) yield the probabilities of the bound states,
|a(ε)|2 =
g213V
2
3(2)
pi2∆21V
4
3(2) + (g
2
13 −∆1∆3)2
, (28a)
|c(ε)|2 =
V 23(2)∆
2
1
pi2∆21V
4
3(2) + (g
2
13 −∆1∆3)2
, (28b)
where, ∆1 = ε− ε1 and ∆3 = ε− ε3 be the detuning from the effective state defined earlier.
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To find the line-shape, similar to the previous section, we consider the dipole transition from
any arbitrary level |i > to the mixed state |ψΛ >,
〈ψΛ(ε)|D|i〉 = a(ε)〈1|D|i〉+ b(ε)〈Φ2|D|i〉+
b(ε)Z()V3(2)〈ε, 3|D|i〉. (29a)
where,
|Φ3〉 = |3〉+
∫
d
P
− εV3(2)|2, 〉, (30)
Finally defining,
Vc =
〈1|D|i〉
pi〈ε, 2|D|i〉 , (31a)
qV3(2) =
〈Φ3(ε)|D|i〉
pi〈ε, 2|D|i〉 , (31b)
RΛM =
∣∣∣〈ψΞ(ε)|D|i〉〈ε, 2|D|i〉 ∣∣∣2, (31c)
and using Eqs.(27-31), the Fano line-shape formula for the lambda system for Fig.1b is given by,
RΛM =
pi2
(pi2 + |Z(ε)|2)
∣∣∣q + |Z(ε)|
pi
+
g13Vc
∆1V3(2)
∣∣∣2
=
∣∣q∆1Γ3(2) + g13Vc√2piΓ3(2) − 2q(g213 −∆1∆3)∣∣2
∆21Γ
2
3(2) + 4(g
2
13 −∆1∆3)
,
(32)
where, Γ3(2) = 2piV3(2)
2.
3.3. Λ system with lower state being continuum
For the Λ system with lower level continuum state shown in Fig. 1(c), we substitute Eqs.(1c), (5c)
into Eq.(4) and obtain (droping the symbol Λ),
c(ε)(ε3 − ε) + b(ε)g32 +
∫
da(, ε)V31() = 0, (33a)
b()(ε2 − ε) + c(ε)g32 = 0, (33b)
a(, ε)(− ε1) + c(ε)V31() = 0, (33c)
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respectively. Substituting the value of a(, ε) from Eq.(33c) into Eqs.(33a) and making use Dirac
prescription given by Eq.(9) we obtain the value of Z(), namely,
Z(ε) =
(ε− ε2)(ε− ε3)− g223
(ε− ε2)V 231
, (34)
where V31() = V3(1). Proceeding in the similar way we obtain the identity,
|c(ε)V3(1)|2(pi2 + |Z(ε)|2) = 1, (35)
and the probabilities of the bound states are given by
|b(ε)|2 =
g232V
2
3(1)
pi2∆21V
4
3(1) + (g
2
23 −∆2∆3)2
, (36a)
|c(ε)|2 =
∆22V
2
3(1)
pi2∆21V
4
3(1) + (g
2
23 −∆2∆3)2
, (36b)
where, ∆2 = ε− ε2 and ∆3 = ε− ε3, respectively.
To find the line-shape, similar to the previous section, we consider the dipole transition from
any arbitrary level |i > to the mixed state |ψΛ >,
〈ψΛ(ε)|D|i〉 =a(ε)〈1|D|i〉+ c(ε)〈Φ2|D|i〉
+b(ε)Z()V3(1)〈ε, 3|D|i〉.
(37)
where,
|Φ3(ε)〉 = |3〉+
∫
d
P
− εV3(1)|1, 〉. (38)
Finally defining,
Vc =
〈1|D|i〉
pi〈ε, 1|D|i〉 , (39a)
qV3(1) =
〈Φ3(ε)|D|i〉
pi〈ε, 1|D|i〉 , (39b)
RΛL =
∣∣∣〈ψΞ(ε)|D|i〉〈ε, 1|D|i〉 ∣∣∣2, (39c)
and using Eqs.(27-30), the Fano line-shape formula for the lambda system with lower state continum
is given by,
RΛL =
pi2
(pi2 + |Z(ε)|2)
∣∣∣q + |Z(ε)|
pi
+
g23Vc
∆1V3(1)
∣∣∣2
=
q∆2Γ3(1) +
∣∣g23Vc√2piΓ3(1) − 2q(g223 −∆2∆3)∣∣2
∆22Γ
2
3(1) + 4(g
2
23 −∆2∆3)
,
(40)
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where, Γ3(1) = 2piV3(1)
2. The evaluation of the line-shapes of the cascade and vee systems are
similar and in the next section here we only quote the results.
4. Ξ system
4.1. Ξ system with upper state being continuum
For the Ξ type system shown in Fig. 2(a), the probabilities of the upper and lower levels are given
by,
|a(ε)|2 =
g212V
2
2(3)
pi2∆21V
4
2(3) + (∆1∆2 − g212)2
, (41a)
|b(ε)|2 =
∆21V
2
2(3)
pi2∆21V
4
2(3) + (∆1∆2 − g212)2
, (41b)
where, ∆1 = ε − ε1 and ∆2 = ε − ε2, respectively. The probability amplitude of the middle state
satisfies the identity,
|b(ε)V2(3)|2(pi2 + |Z(ε)|2) = 1, (42)
where the value of Z(ε) is given by,
Z(ε) =
∆1∆2 − g212
∆1V 22(3)
. (43)
Thus the Fano line-shape of the cascade system with upper level continuum is given by,
RΞU =
pi2
(pi2 + |Z(ε)|2)
∣∣∣q + |Z(ε)|
pi
+
g12Vc
∆1V2(3)
∣∣∣2,
=
∣∣q∆1Γ2(3) + g12Vc√2piΓ2(3) − 2(g213 −∆1∆3)∣∣2
∆21Γ
2
2(3) + 4(g
2
12 −∆1∆2)2
,
(44)
where, Γ2(3) = 2piV2(3)
2.
4.2. Ξ system with middle state being continuum
For the Ξ system with the middle state as the continuum state shown in Fig. 2(b), the probabilities
of the lower and upper levels are given by,
|a(ε)|2 =
∆23V
2
1(2)
pi2(∆21V
2
3(2) + ∆3V
2
1(2))
2 + ∆21∆
2
3
, (45a)
|c(ε)|2 =
∆21V
2
3(2)
pi2(∆21V
2
3(2) + ∆3V
2
1(2))
2 + ∆21∆
2
3
, (45b)
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where, ∆1 = ε − ε1 and ∆3 = ε − ε3, respectively. Similar to previous Section, the probability
amplitudes of these two bound states satisfy,
(|a(ε)V1(2) + c(ε)V3(2)|2)(pi2 + |Z(ε)|2) = 1, (46)
where the value of Z(ε) is given by,
Z(ε) =
∆1∆3
∆1V 23(2) + ∆3V
2
1(2)
. (47)
Thus the Fano line-shape for such system is found to be,
RΞM =
∣∣∆1∆3 + piq1∆3V 21(2) + piq3∆1V 23(2)∣∣2
∆21∆
2
3 + pi
2(∆3V 21(2) + ∆1V
2
3(2))
2
=
∣∣2∆1∆3 + q1∆3Γ1(2) + q3∆1Γ3(2)∣∣2
4∆21∆
2
3 + (∆3Γ1(2) + ∆1Γ3(2))
2
,
(48)
where, qi(i = 1, 3) be the line-shape indices with the linewidths Γ1(2) = 2piV1(2)
2 and Γ3(2) =
2piV3(2)
2, respectively.
4.3. Ξ system with lower state being continuum
For the Ξ system with the lower state continuum shown in Fig. 2(c), the probabilities of middle
and upper states are given by,
|b(ε)|2 =
∆21V
2
2(1)
pi2∆23V
4
2(1) + (∆2∆3 − g223)2
, (49a)
|c(ε)|2 =
g223V
2
2(1)
pi2∆23V
4
2(1) + (∆2∆3 − g223)2
, (49b)
where, ∆2 = ε − ε2 and ∆3 = ε − ε3, respectively. The probability amplitude of the middle state
follows,
|b(ε)V2(1)|2(pi2 + |Z(ε)|2) = 1, (50)
where the value of Z(ε) is given by,
Z(ε) =
∆2∆3 − g223
∆3V 22(1)
. (51)
13
Thus the Fano line-shape of the cascade system with the middle level as the continuum state is
given by,
RΞL =
pi2
(pi2 + |Z(ε)|2)
∣∣∣q + |Z(ε)|
pi
+ rΞL
g23Vc
∆3V2(1)
∣∣∣2,
=
∣∣q∆3Γ2(1) + g23Vc√2piΓ2(1) − 2(g223 −∆2∆3)∣∣2
∆23Γ
2
2(1) + 4(g
2
23 −∆2∆3)2
,
(52)
where, Γ2(1) = 2piV2(1)
2.
5. V system
5.1. V system with upper state being continuum
The probabilities of the middle and lower states for the V system with upper state as the continuum
state (Fig. 3(a)) are,
|b(ε)|2 =
g212V
2
1(3)
pi2∆22V
4
1(3) + (∆1∆2 − g212)2
, (53a)
|a(ε)|2 =
∆22V
2
1(3)
pi2∆22V
4
1(3) + (∆1∆2 − g212)2
, (53b)
where, ∆1 = ε − ε1 and ∆2 = ε − ε2, respectively. The probability amplitude of the lower state
satisfies,
|c(ε)V1(3)|2(pi2 + |Z(ε)|2) = 1, (54)
where the value of Z(ε) is given by,
Z(ε) =
∆1∆2 − g212
∆2V 21(3)
. (55)
Thus the Fano line-shape of the vee system with upper level continuum is found to be,
RVU =
pi2
(pi2 + |Z(ε)|2)
∣∣∣q + |Z(ε)|
pi
+
g12Vc
∆2V1(3)
∣∣∣2,
=
∣∣q∆2Γ1(3) + g12Vc√2piΓ1(3) − 2(g212 −∆1∆2)∣∣2
∆22Γ
2
1(3) + 4(g
2
12 −∆1∆3)2
.
(56)
where, Γ1(3) = 2piV1(3)
2.
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5.2. V system with middle state being continuum
For the V system with the middle state as the continuum state (Fig. 3(b)), the probabilities of the
lower and upper states are given by,
|a(ε)|2 =
∆23V
2
1(2)
pi2∆23V
4
1(2) + (∆1∆3 − g213)2
, (57a)
|c(ε)|2 =
g213V
2
1(3)
pi2∆23V
4
1(2) + (∆1∆3 − g213)2
, (57b)
where, ∆1 = ε − ε1 and ∆3 = ε − ε3, respectively. The probability amplitude of the lower state
satisfies,
|a(ε)V1(2)|2(pi2 + |Z(ε)|2) = 1, (58)
where the value of Z(ε) is given by,
Z(ε) =
∆1∆3 − g213
∆3V 21(2)
. (59)
Thus the Fano line-shape of the requisite vee system is found to be,
RVM =
pi2
(pi2 + |Z(ε)|2)
∣∣∣q + |Z(ε)|
pi
+
g12Vc
∆3V1(2)
∣∣∣2,
=
∣∣g12Vc√2piΓ1(3) + q∆2Γ1(3) − 2(g212 −∆1∆2)∣∣2
∆22Γ
2
1(3) + 4(g
2
12 −∆1∆3)2
,
(60)
where, Γ1(2) = 2piV1(2)
2.
5.3. V system with lower state being continuum
The probabilities of the upper and middle states for the V system with the lower state as the
continuum (Fig. 3(c)) are given by,
|c(ε)|2 =
∆22V
2
3(1)
pi2(∆22V
2
3(1) + ∆3V
2
2(1))
2 + ∆21∆
2
3
, (61a)
|b(ε)|2 =
∆23V
2
2(1)
pi2(∆22V
2
3(1) + ∆3V
2
2(1))
2 + ∆21∆
2
3
, (61b)
where, ∆2 = ε− ε2 and ∆3 = ε− ε3, respectively. The probability amplitudes of the bound states,
namely, the middle and upper states satisfy the identity,
|b(ε)V2(1) + c(ε)V3(1)|2(pi2 + |Z(ε)|2) = 1, (62)
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where the value of Z(ε) is given by,
Z(ε) =
∆2∆3
∆3V 22(1) + ∆2V
2
3(1)
. (63)
and the Fano line-shape of the vee system for Fig.3c is found to be,
RVL =
∣∣∆2∆3 + piq2∆3V 22(1) + piq3∆2V 23(1)∣∣2
∆22∆
2
3 + pi
2(∆3V 22(1) + ∆2V
2
3(1))
2
.
=
∣∣2∆2∆3 + q2∆3Γ2(1) + q2∆2Γ3(1)∣∣2
4∆22∆
2
3 + (∆3Γ2(1) + ∆2Γ3(1))
2
,
(64)
where, qi(i = 2, 3)be the line-shape indices with the linewidths Γ2(1) = 2piV2(1)
2 and Γ3(1) =
2piV3(1)
2, respectively.
6. Numerical Results
Before discussing the line-shapes of all configurations, let us note the distinctive features of the
proposed three-level-like continuum models characterized by two detuning parameters ∆i and ∆j
(i, j = 1, 2, 3 and i 6= j) along with one or more lineshape indices qi. In particular, we note that the
systems with two bound-continuum transitions as shown in Figs.1a, 2b and 3c are characterized
by two different Fano asymmetry parameters qi and qj , while the remaining systems shown in
Figs.1b,c, Figs.2a,c and Figs.3a,b with one bound-continuum transition have single asymmetry
parameter q, respectively. Let us first consider the line-shape formula of the lambda system given
by Eq.(24), (32) and (40), respectively. Fig.4a shows the variation of the line-shape in Eq.(24) with
the detuning frequency ∆1 for different constant values of (∆2, q2). We note that, even for q1 = 0
and q2 = 0 (colour black), the Fano profiles are no longer symmetric due to the interference between
two channels and the asymmetry grows with the increase of q2. Such Fano pattern of the plot of
Eqs.(32) and (40) displayed in Fig.(4b,c), which are characterized by one asymmetry parameter q,
remains unchanged.
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Figure 4. : Typical Fano profile of Λ-type system from a) Eq.(24) with Γ1(3) = .5 MHz, Γ2(3) = .4 MHz, ∆2 = 1MHz, for
q1 = 0, q2 = 0 (Red, Dashed) and for q1 = 1, q2 = 1 (Blue,dotted), 2 (black, dot-dashed), 3 (Grey, Solid); b) Eq.(32) with
g13 = .2 MHz, Γ3(2) = .4 MHz, Vc = .1, ∆1 = 1MHz, for q = 0 (Red, Dashed), 1 (Blue,dotted), 2 (black, dot-dashed), 3
(Grey, Solid); c) Eq.(40) for g23 = .2 MHz, Γ3(1) = .4MHz, Vc = 0.1, ∆2 = 1MHz, for q = 0 (Red, Dashed), 1 (Blue, dotted),
2 (black, dot-dashed), 3 (Grey, Solid), respectively.
On the other hand, if we consider the plot of Eq.(24) for different values of ∆2 with fixed (∆1, q2),
i.e., by interchanging the detuning frequencies only, we obtain a modified line-shape of the lambda
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Figure 5. : Modified Fano profile of Λ-type system from a) Eq.(24) Γ1(3) = .5 MHz, Γ2(3) = .4 MHz, ∆1 = .1MHz, q2 = 0,
q1 = 0 (Red, Dashed) and for q1 = 1, q2 = 1 (Blue, dotted), 2 (Red, Dashed, dot-dashed), 3 (Grey, Solid); b) Eq.(32) with
g13 = 0.2 MHz, Γ3(2) = .4 MHz, Vc = .2, ∆3 = 1 MHz, q = 0 (Black), 1 (Blue, dotted), 2 (black, dot-dashed), 3 (Grey, Solid);
c) Eq.(40) with g23 = .2 MHz, Γ3(1) = .4MHz, Vc = .1 MHz, ∆3 = 1 MHz, q = 0 (Red, Dashed), 1(Blue, dotted), 2 (black,
dot-dashed), 3 (Grey, Solid), respectively.
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Figure 6. : Typical Fano profile of Ξ-type system from a) Eq.(44) with g12 = .2 MHz, Γ2(3) = .4 MHz, Vc = .1 ∆1 = 1 MHz,
for q = 0 (Red, Dashed), 1 (Blue, dotted), 2 (black, dot-dashed), 3 (Grey, Solid); b) Eq.(48) with Γ1(2) = .1 MHz, Γ3(2) = 0.7
MHz, ∆1 = 1 MHz, for q1 = 0, q3 = 0 (Red, Dashed) and for q1 = 1, q3 = 1, (Blue, dotted) 2 (Green), 3 (Grey, Solid); c)
Eq.(52) with g23 = .2 MHz, Γ2(1) = .4 MHz, Vc = .1 MHz, ∆3 = 1 MHz, for q = 0 (Red, Dashed), 1(Blue, dotted), 2 (black,
dot-dashed), 3 (Grey, Solid) respectively.
system shown in Fig.5(a). For such system with two bound-to-continuum transition, at resonance
∆1 = 0, the lineshape is independent of the asymmetric factor except for q1 = 0 = q2. In sharp
contrast, for the remaining plots with one bound-continuum system shown in Fig.5(b) and Fig.5(c),
at resonance ∆i = 0 (i = 1, 2), all lineshapes are independent the asymmetric factor q. Proceeding
in similar way, we obtain Fano and modified Fano plots of the Ξ and V systems shown in Fig.12-13
and Fig.14-15, respectively and the behaviour of all configurations is similar to that of the Lambda
system. In our numerical plots, we have taken abitrary values of the parameters, keeping in mind the
realistic range of parameters applicable to optical dipole transitions in atomic and molecular physics.
Since our models are applicable to systems with small or negligible relaxations or damping, one
needs to find atomic or molecular levels with narrow-line transitions, with linewidth typically below
one MHz. With the recent advent of high precision spectroscopy of photoassociation at the inetrface
of atomic and molecular systems, particularly with narrow-line intercombination transitions, the
experimental realisations of our the models discussed here seem to be quite promising.
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Figure 7. : Modified Fano profile of Ξ-type system from a) Eq.(40) with g12 = .2 MHz, Γ2(3) = .4 MHz, Vc = .1 MHz ∆2 = 1
MHz, for q = 0 (Red, Dashed), 1 (Blue, dotted), 2 (black, dot-dashed), 3 (Grey, Solid); b) Eq.(48) with Γ1(2) = .1 MHz,
Γ3(2) = .7 MHz, ∆3 = .1 MHz, for q3 = 0, q1 = 0 (Red, Dashed) and for q1 = 1, q3 = 1, (Blue, dotted), 2 (black, dot-dashed),
3 (Grey, Solid); c) Eq.(52) for g23 = .2 MHz, Γ2(1) = .4MHz, Vc = .1, ∆2 = 1 MHz, for q = 0 (Red, Dashed), 1(Blue, dotted),
2 (black, dot-dashed), 3 (Grey, Solid), respectively.
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Figure 8. : Typical Fano profile of V -type system from a) Eq.(56) g12 = .2MHz, Γ1(3) = .4 MHz, Vc = .1 and ∆2 = 1MHz,
for q = 0 (Red, Dashed), 1 (Blue, dotted), 2 (black, dot-dashed), 3 (Grey, Solid); b) Eq.(60) with g13 = 0.2 MHz, Γ1(2) = .4
MHz, Vc = .1 ∆3 = 1MHz, for q = 0 (Red, Dashed), 1 (Blue, dotted), 2, (black, dot-dashed), 3 (Grey, Solid); c) Eq.(64) for
Γ2(1) = .5 MHz, Γ3(1) = .4MHz, ∆3 = 1 MHz, for q2 = 0, q3 = 0 (Red, Dashed) and for q3 = 1, q2 = 1, (Blue, dotted), 2
(black, dot-dashed), 3 (Grey, Solid), respectively.
7. Conclusions and outlook
The purpose of this paper is to develop a comprehensive Fano-inspired model of three-level-like
continuum system. It is shown that the minimal extension of a generic three-level system by replac-
ing its one bound state with a continuum of states leads to nine possible distinct configurations.
The line-shape of each model is studied for two different detuning frequencies which, in addition to
typical asymmetric Fano plot, gives rise to a modified spectral features depending upon the system
parameters. The existence of two different detuning frequencies, which may be identified with the
pump or probe modes, is a natural outcome of our analysis and is extremely important to develop
a suitable control mechanism of dispersion and absorption in three-level-like continuum systems.
The generalization of the proposed continuum models incorporating dissipation in Lindblad or in
other ways, may form the basis of studying wide range of quantum optical phenomena including
continuum based model of EIT.
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Figure 9. : Modified Fano profile of V -type system from i) Eq.(56) with g12 = .2 MHz, Γ1(3) = .4MHz, Vc = .2MHz ∆1 = 1
MHz, for q = 0 (Red, Dashed), 1 (Blue, dotted), 2 (black, dot-dashed), 3 (Grey, Solid); ii) Eq.(60) with g13 = .2MHz, Γ1(2) = .4
MHz, Vc = .1 MHz, ∆1 = 1 MHz, for q = 0 (Red, Dashed), 1 (Blue, dotted),2, (black, dot-dashed), 3 (Grey, Solid); iii) Eq.(64)
with Γ2(1) = .5MHz, Γ3(1) = .4MHz, ∆2 = .1MHz, for q2 = 0, q3 = 0 (Red, Dashed) and for q3 = 1, q2 = 1 (Blue, dotted), 2
(black, dot-dashed), 3 (Grey, Solid), respectively.
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